Abstract: We present a general formula for the Wess-Zumino action associated with the Weyl anomaly, given in a curved background for any even number of dimensions. The result is obtained by considering a finite Weyl transformation of counterterms in dimensional regularization.
Introduction
The dilaton is a powerful probe of quantum field theories. It was used to obtain non-trivial constraints on the renormalization of unitary four dimensional theories, such as the weak irreversibility of the RG flow (the a theorem [1, 2] ), and the vanishing of the β function in the asymptotic limits of perturbative RG flows [3] .
An important ingredient in the analyses leading to these results is the effective action of the dilaton in four dimensional CFTs. As part of a program aiming to generalize this methodology to higher dimensions, we present in this work a new formula for the dilaton Wess-Zumino action. This formula is valid for CFTs in a curved background in an arbitrary even number of dimensions.
But what is the dilaton? What is the physical meaning of its effective action? In this work we follow the approach of [3] where the dilaton field, denoted by τ , is defined simply as a component of a background metric g µν , which is introduced via the redundant notation where W [ g] is the quantum effective action 1 written in terms of the metric g. This definition of the dilaton makes it clear that it is not a new independent degree of freedom, and that the quantum effective action for the dilaton is nothing but a convenient bookkeeping device for correlators of T . An important observation is that this effective action is determined at a conformal fixed point by the structure of the Weyl anomaly. In 4 dimensions the anomaly is given by [5] − 1
where E 4 is the Euler density in 4 dimensions and W 2 is the Weyl tensor squared, both given in terms of the metric g µν . In principle the anomaly (1.4) could also contain a term proportional to ∇ 2 R. This term can, however, be understood as the variation a local R 2 term under the transformation (1.2), and is thus not a genuine anomaly. Contributions of this type -and their generalization to higher dimensions -to the effective action can be eliminated by an appropriate choice of scheme and will not be considered here. In order to find the dilaton effective action, we separate the effective action W [ g] into a part which depends on the Weyl invariant metric g µν and a part which depends also on the dilaton
(1.5)
Since g µν is invariant under the Weyl symmetry, we find that the Γ[g µν , τ ] must be a functional whose variation under shifts of τ gives the anomaly. It is a unique functional known as the Wess-Zumino (WZ) term. In 4 dimensions this was found to be [8, 9] . In 4 dimensions this was found to be [6, 7, 8, 9 ]
where G µν is the Einstein tensor, and the gravitational terms in this formula are functions of the metric g µν . Allowing for scheme dependent terms in the anomaly, such as a ∇ 2 R in four dimensions, one finds more interactions in the dilaton effective action. In the proof of the a theorem in four dimensions such terms are eliminated from the dilaton scattering amplitude by using the on-shell condition, but in higher dimensions this is not possible, a fact that complicates the attempts to generalize the proof to higher dimensions [10, 11] . We choose our scheme such that these terms do not appear in the effective action in order to isolate the Wess-Zumino action.
Notice that under the Weyl symmetry (1.2) only the dilaton transforms. Alternatively, we could define a different symmetry:
In this case eq. (1.5) leads to
This means that one can define the WZ action as the term whose variation under (1.7), in which the metric transforms as well as the dilaton, gives the anomaly written in terms of g. This is the definition which is commonly used in the literature (e.g. [1] and [10] ), but it is less suited for the procedure which we will describe below. How can one extract information about the RG flow from this action? Using the effective interactions appearing in the WZ action (and imposing a clever kinematic regime known as the "on-shell" condition), it was possible to relate the "forward scattering amplitude" of the dilaton to the anomaly coefficient a. Writing a dispersion relation for this amplitude, and using the unitarity of the theory, the following constraint was found [1] 
where a U V (resp. a IR ) is the anomaly coefficients in the CFTs describing the UV (resp. IR) fixed points. This inequality is known as the a theorem, and it implies that the RG flow between two conformal fixed points is one directional. One generalization of this method it to go off-criticality. A systematic approach for computing the dilaton effective action in non-conformal theories is presented in [12] . Such an effective action was used in [3] and [13] to study perturbative RG flows, and to constrain their asymptotic behavior.
Another possible direction is to consider CFTs in higher dimensions, and check whether a similar analysis can be made there as well. Such attempts were discussed in [10] and [11] for 6 and 8 dimensions respectively 2 . These attempts did not lead to a proof for an analogue of the a theorem in higher dimensions, mainly due to difficulties in constructing dispersion relations with positivity constraints in which the contribution of the anomaly dependent terms can be isolated.
As a part of this line of research, we present here a new formula for the Wess-Zumino action in arbitrary even dimensions. It is based on the classification of Weyl anomalies given in [15] , where it has been shown that the most general Weyl anomaly in an even number of dimensions D = 2p is
where − g I i is a set of Weyl invariant scalars, E 2p the Euler density and the coefficients c i and a are model dependent numbers. In the terminology of [15] the I i anomalies, which are associated with ln µ 2 terms appearing in W [ g], are referred to as type B, while the Euler density anomaly is referred to as type A. In general there could be additional terms in the variation which can be eliminated by an appropriate choice of scheme. These are not genuine anomalies and will not be discussed here. The final result of our computation is
where
The gravitational terms here are given in terms of the metric g µν , we used ∇ to denote the covariant derivative, and the generalized Kronecker delta was defined via
The computation leading to this result is described in section 2, and some useful definitions and formulae are given in appendices A and B. Explicit expressions for the action in 2,4 and 6 dimensions are given in appendix C.
The computation

The main idea
In this section we will show how to compute the Wess-Zumino (WZ) action in dimensional regularization (D = 2p + ǫ). Our computation is similar in spirit to the one presented in [8] (a similar computation was presented recently in [16] ), but here we use this approach to find the WZ action for arbitrary, even, number of dimensions.
The main point is that in dimensional regularization the anomaly comes about from the non-invariance of counterterms. A theory which is classically Weyl invariant can be regularized in a symmetry preserving way, but in order to have a finite theory in the ε → 0 limit we must add local counterterms, and these counterterms break the symmetry explicitly. The finite part in the variation of these counterterms is the anomaly. Generalizing eq. (2.3) of [17] to higher dimensions, we find that the form of the counterterms which leads to the anomaly (1.10) is
where I i,D are a set of Weyl invariant scalars, defined in the D dimensional theory and which coincide with I i when D = 2p, and E 2p is the Euler density defined in 2p dimensions. Indeed, these terms lead to a finite anomaly because the Weyl variations of the scalars appearing there contain evanescent terms
It is important for our discussion that the remaining terms in the effective action are Weyl invariant, so we define
Let us now use the above discussion to compute the dilaton effective action defined via
The Weyl variation of the LHS gives the anomaly, and it is obvious that in the RHS only Γ[g, τ ] can be anomalous (recall that we defined g µν to be invariant under the Weyl transformation). It is also clear that
. Subtracting these terms from eq. (2.4) we find
This is the basic formula from which we derive the result, and from here on all that is left are the technical aspects of the computation.
Results
The type B anomalies
A simple application of eq. (2.5) is the case of the type B anomalies. Using the relation
we find that the WZ action for the type B anomaly (denoted by Γ B ) is
The type A anomaly
The case of the type A anomaly, proportional to the Euler density, is more complicated. As in the case of the type B anomaly, we would like to write − g E 2p in terms of g and τ
The function δ τ E 2p can be expanded in powers of ε
Notice that in the ε = 0 limit E 2p is a total derivative, therefore its Weyl variation must be a total derivative as well. Denoting (δ τ E 2p ) ε=0 = ∂ µ V µ and plugging into eq. (2.5) we find
Finding the functions V µ and ∂ ∂ε (δ τ E 2p ) is a nontrivial task, and here we will only sketch the outline of the computation. We begin with the definition of the Euler density: 12) and eq. (B.3) we find
The next step is to notice that because of antisymmetry, we cannot have expressions proportional to ∂ ρ i τ ∂ c i τ ∂ ρ j τ ∂ c j τ . Removing such terms and using equation (B.6), we can identify a term linear in ε, from which we extract
In order to identify the ε independent terms as total derivatives we use the the Bianchi identity and the definition of the Riemann tensor
After some algebra we find 16) which, as expected, is a total derivative. Combining equations (2.14) and (2.16) into (2.10), we find the formula quoted in (1.11) . This formula agrees with the known results for up to 8 dimensions [10, 11] .
Conclusions
We have used dimensional regularization to find a general formula for the WZ action in any even number of dimensions. Let us make some observations regarding this result.
• An interesting property of this result is that the k = 0 terms are proportional to the Euler densities in lower dimensions
• In D > 2 it is useful to write the action in terms of the conformal compensator Ω = e −(p−1)τ . The main advantage of this presentation is that it makes it easier to impose the "on-shell" condition Ω = 0, a kinematic constraint that in four dimensions was shown to clean the effective action from improvement dependent effects [3] . We find
where we used
• It is shown in [11] , using the terminology of GJMS operators, that the WZ action in flat space can be rewritten, after imposing the on-shell condition, as
In principle, it should be possible to derive this result from our general equation (1.11) by multiple integration by parts, and substitution of the on-shell condition. This is a relatively technically involved computation which we leave for a separate project.
It is shown in [11] , using the terminology of GJMS operators, that the WZ action in flat space can be rewritten -after adding invariant terms under the transformation (1.7) and imposing the on-shell condition -as
In principle, it should be possible to derive this result from our general equation (1.11) by adding local terms to the effective action (such as R 2 for D = 4), multiple integration by parts, and substitution of the on-shell condition. It would also be interesting to find a general way of getting the GJMS operators using our result. Those are relatively technically involved computations which we leave for a separate project.
In principle, it should be possible to derive this result from our general equation (1.11) by adding local terms to the effective action (such as R 2 for D = 4), multiple integration by parts, and substitution of the on-shell condition. This is a relatively technically involved computation which we leave for a separate project.
A. Geometry and Weyl transformations
Under Weyl transformation, the metric and vielbeins change as
With this definition one can see the measure of the integration changes as:
Our convention for the Riemann and Ricci curvatures is
where the Riemann tensor and covariant derivative ∇ are given in terms of the metric g. The Riemann tensor transforms as follows:
Equation (A.4) can also be adapated to extract the dilaton from the Riemann tensor:
where R ab µν and ∇ are the Riemann tensor and the covariant derivative associated with the metric g.
B. The generalized Kronecker delta
To work with the Euler anomaly in arbitrary even dimension, we will need to use the generalized Kronecker delta defined as: • Under Weyl transformation: We give here the expression of the type A part of the Wess-Zumino term up to p = 3. We give the results in two forms -the one given by applying eq. (1.11) directly, and another one which is obtained after integration by parts.
• D = 2
(in D = 2 the coefficient of the type A anomaly is denoted by c).
• D = 4
